Abstract. For every absolutely irreducible orthogonal representation of a twisted form of SL 2 over a field of characteristic zero, we compute the "unique" symmetric bilinear form that is invariant under the group action. We also prove the analogous result for Weyl modules in prime characteristic (including characteristic 2) and an isomorphism between two symmetric bilinear forms given by binomial coefficients.
Let V be an absolutely irreducible and finite-dimensional representation of a group G over a field k. If there is a nonzero quadratic form q on V that is invariant under G, then by Schur's Lemma q is uniquely determined up to multiplication by an element of k × . It is natural to ask: What is q? On the one hand, the form q gives some information about G. For example, when V is the adjoint representation, q is essentially the Killing form on the Lie algebra of G. On the other hand, if G is contained in a group H, then by restricting representations of H, one reduces the problem of computing the H-invariant quadratic forms to the problem of computing those invariant under G. This is the method used in [Jac] to calculate the Killing forms of various Lie algebras.
The purpose of this paper is to answer the question "What is q?" for the smallest groups, i.e., groups of type A 1 , meaning twisted forms of SL 2 and PGL 2 . We study Weyl modules V instead of absolutely irreducible representations. (If k has characteristic zero, this is no change at all. In prime characteristic, the results for Weyl modules imply those for irreps, see 6.9.) Recall that the group SL 2 has a unique fundamental dominant weight ω. We write V (n) for the Weyl module with highest weight nω, where n is a positive integer. If k has characteristic zero, V (n) is isomorphic to the n-th symmetric power of k 2 . For every field k, every group of type A 1 , and n even, the representation V (n) is k-defined (as can easily be seen by Galois descent as in [BT, p. 139] ) and has a nonzero quadratic form invariant under the group action. We compute this quadratic form. For remarks on the modules V (n) with n odd, see 6.8.
We now state our main results in the case where k has characteristic = 2. The situation in characteristic 2 is very different from other characteristics, and from here through §5, we only consider fields of characteristic = 2.
Define a symmetric bilinear form φ The notation λ denotes a one-dimensional vector space spanned by a vector e endowed with a symmetric bilinear form that sends (e, e) → λ for λ ∈ k × and ⊕ means 'orthogonal sum'. The form φ odd 2 is 0-dimensional, and φ odd 4 is isomorphic to 1 . We refer to [L] for general background on symmetric bilinear forms and quaternion algebras. In particular, since the characteristic is not 2, we can and do identify symmetric bilinear forms with quadratic forms by sending a symmetric bilinear form b to the quadratic form v → b (v, v) .
Every semisimple algebraic group of type A 1 over k is isogenous to SL(Q) for some quaternion k-algebra Q, where SL(Q) denotes the group whose k-points are the norm 1 elements of Q. We write Q also for the norm form on Q; it is a quadratic form. We write Q ′ for the unique 3-dimensional quadratic form such that Q = 1 ⊕ Q ′ .
Theorem A (char k = 2). For n even, there is an SL(Q)-invariant symmetric bilinear form on the Weyl module V (n) that is isomorphic to
The smallest case of Theorem A is where n = 2, i.e., the adjoint representation of SL(Q). There we find the symmetric bilinear form 2 Q ′ , whereas the Killing form is −2 Q ′ .
The proof of Th. A gives a result on symmetric bilinear forms as a byproduct. Define a form φ Theorem B (char k = 2). We have the following isomorphism of symmetric bilinear forms over k:
As an illustration, for n = 16, Th. B asserts the isomorphism
Note that the forms φ even n and φ odd n may be degenerate if the characteristic of k is not zero.
One imagines that Theorem B is known, but the experts I consulted said they had never seen it before. For small n and fields of characteristic zero, one can check the theorem using the Hasse-Minkowski Principle. The proof of Theorem B given below uses neither Hasse-Minkowski nor clever manipulations of binomial coefficients.
The text through §5 is concerned with proving Theorems A and B in characteristic different from 2. Section 6 discusses orthogonal representations over all fields, with a special focus on the situation in characteristic 2. The final section, §7, states and proves analogues of Theorems A and B in characteristic 2. We remark that the version of Th. A in characteristic 2 is very different from the result in other characteristics, in that in characteristic 2 the only Weyl module whose invariant quadratic form depends on Q is V (2).
Binomial coefficients
This section is purely about integers, and we write n for a positive integer. Kummer proved that the power of a prime p dividing the binomial coefficient n m is the number of carries when you add m and n − m in base p. We will use the following special case. For a non-negative integer m, the base-p expansion of m is the list of integers m 0 , m 1 , . . . such that 0 ≤ m j < p for all j and m = j m j p j .
Lemma 1.1 (Kummer, 1852). For 0 ≤ m ≤ n, the binomial coefficient n m is divisible by a prime p if and only if in the base-p expansions of m and n, there is some place j with m j > n j .
Proof. See, for example, [F, Th. 1] or [Gr] . Lemma 1.2. Let p be an odd prime. If n is divisible by 4, the lists n 0 , n 2 , . . . , n n/2 − 2 and n 1 , n 3 , . . . , n n/2 − 1 have the same number of elements that are divisible by p.
If n is congruent to 2 mod 4, then the lists n 0 , n 2 , . . . , n n/2 − 1 and n 1 , n 3 , . . . , n n/2 − 2 , n n/2 have the same number of elements that are divisible by p.
The analogous statement is false for p = 2, see the characteristic 2 version of Th. B in §7 below.
Proof. We write n j and m j for the j-th terms in the base-p expansions of n and m.
Case 1. Suppose first that some n ℓ of n is odd. Whether n is congruent to 0 or 2 mod 4, the two lists have the same length. So it suffices to prove that the lists have the same number of elements that are not divisible by p.
Write h 0 , h 1 , . . . for the base-p expansion of n/2, so n/2 = h j p j and n = (2h j )p j . But since n ℓ is odd, 2h 0 , 2h 1 , . . . cannot be the base p representation of n, and p divides n n/2 . Let S be the set of numbers whose base-p expansion is s j p j with 0 ≤ s j ≤ n j for all j and s ℓ is zero. WriteŜ for the collection of numbers
as s varies over elements of S. The setŜ is precisely the set of numbers m with 0 ≤ m ≤ n such that p does not divide n m . We note that half of the numbers in (1.3) are even and half are odd, since n ℓ and p are both odd. As n m equals n n−m , the numbers m, n − m have the same parity, and n/2 is not inŜ, we conclude that one quarter ofŜ belongs to each of the two lists. This proves the lemma in this case.
Case 2. Now suppose that every base-p digit n j of n is even. We examine the setT of numbers m such that 0 ≤ m ≤ n and p divides n m . Such m's are exactly those whose base-p expansion m 0 , m 1 , . . . has a position ℓ such that m j = n j for j > ℓ, 1 m ℓ < n ℓ , and there is some j < ℓ such that m j > n j . Put T ℓ for the set of 1 If ℓ is such that n j = 0 for j > ℓ, then this condition just says that m j = 0, which is a consequence of the hypothesis that m ≤ n.
integers t whose base-p expansion t 0 , t 1 , . . . has t j = n j for j > ℓ, has t ℓ = 0, and has t j > n j for some j < ℓ. ThenT is the union of the (disjoint) collections
for t ∈ T ℓ and 0 < ℓ ≤ r. Half of (1.4) is even and half is odd, so half ofT is even and half is odd. FurtherT does not contain n n/2 by the hypothesis on n. As in Case 1, we conclude that the two lists have the same number of terms that are divisible by p.
Description of V (n) in the split case
Suppose that Q is split, i.e., that SL(Q) is the split group SL 2 . Recall the wellknown SL 2 (Q)-invariant bilinear form on the n-th symmetric power S n (Q 2 ): Fix a basis e 0 , e 1 , . . . , e n given by
where n m denotes a binomial coefficient and
We view the group SL 2 as a Chevalley group defined over Z as in [St] by fixing a pinning. The elements e 0 , e 1 , . . . , e n in S n (Q 2 ) span a minimal admissable lattice L in S n (Q 2 ), see e.g. [Hum, §27, Exercise 8] . The Weyl module V (n) with highest weight nω over the field k is L ⊗ Z k. In particular, it has basis e 0 , e 1 , . . . , e n , and the form f extends to an SL 2 -invariant bilinear form on the k-vector space V (n).
The representation V (n) is irreducible if and only if (2.3)
k has characteristic zero or k has prime characteristic p and n+1 = rp s for integers r, s with 0 ≤ r < p, see e.g. [W, p. 240] . By Kummer (or §6 below), this condition is also equivalent to f being nondegenerate over k, i.e., that none of the binomial coefficients n m are divisible by the characteristic for 1 ≤ m ≤ n.
From here on, we restrict to the case where n is even.
Remark 2.4. Within the line of SL 2 -invariant symmetric bilinear forms on V (n), the isomorphism class of f is distinguished by the fact that
is a square in k × . More generally, for every maximal torus T contained in a Borel subgroup B of SL 2 , every highest weight vector v ∈ V (n) (relative to T and B), and every element w ∈ N SL2 (T )(k) that represents the element −1 in the Weyl group, we have: If s is an SL 2 -invariant symmetric bilinear form on V (n) such that s(v, wv) is a square in k × , then s is isomorphic to f . This follows from the conjugacy of pairs T ⊂ B and the fact that n is even.
Computations
We now address Theorem A in the case where Q is not split. We maintain the assumptions that n is even and the characteristic of k is different from 2.
The representation ρ : SL 2 → GL(V (n)) kills the center ±1 of SL 2 and so induces a homomorphism ρ : PGL 2 → GL(V (n)), where PGL 2 denotes the (algebraic-grouptheoretic) quotient SL 2 /{±1}. As the form f defined in §2 is SL 2 -invariant, the images of ρ and ρ lie in the orthogonal group O(f ) of f , and we obtain a map in Galois cohomology
The sets H 1 (k, PGL 2 ) and H 1 (k, O(f )) classify k-forms of SL 2 and symmetric bilinear forms over k that become isomorphic to f over a separable closure of k, respectively [Se 02, §III.1] , and the image of a group SL(Q) in
Remark 3.2. The map (3.1) is defined for every extension K/k and so leads to a morphism of functors
Suppose that f is nondegenerate, i.e., (2.3) holds. By [Se 03, 28 .4], the map (3.1) is necessarily of the form
for uniquely-determined symmetric bilinear forms ψ 0 , ψ 1 defined over k with ψ 1 anisotropic. The point of Th. A is to give ψ 0 and ψ 1 explicitly.
The k-algebra Q is generated by elements i, j such that i 2 = a, j 2 = b, and ij = −ji for some a, b ∈ k × . As Q is not split, a is not a square in k and k( √ a) is a proper extension. The algebra Q is isomorphic to the k-subalgebra of M 2 (k( √ a)) generated by
and ( 0 b 1 0 ) , which we may identify with i and j respectively. For ι the nonidentity k-automorphism
given by
, where we write Int(g) for the map x → gxg −1 on M 2 . (Recall that for an extension K/k, the K-points of PGL 2 are of the form Int(g) for g ∈ GL 2 (K).)
We now compute ρ(η ι ) ∈ O(f )(k( √ a)). The element
is a scalar multiple of η ι , hence has the same image in PGL 2 (k) and ρ(η ι ) equals ρ(β). We find:
The action of ρ(η ι ) preserves the line spanned by e n/2 and the hyperbolic planes spanned by e m , e n−m for m = n/2. We compute separately the restriction of f n to each of these subspaces. For the line spanned by e n/2 , we have ρ(η ι )e n/2 = (−1) n/2 e n/2 , so the fixed k-subspace of the line is spanned by e n/2 if n/2 is even and by √ ae n/2 if n/2 is odd. Therefore the restriction of f n to this subspace is
For the k( √ a)-plane spanned by e m , e n−m with m = n/2, the ρ(η ι )ι-fixed ksubspace is spanned by
These vectors are orthogonal and the restriction of f n to this subspace is
Summarizing the previous two paragraphs, we find that f n is isomorphic to
That is:
If n is divisible by 4, then f n is isomorphic to
If n is congruent to 2 mod 4, then f n is isomorphic to
⊕ −a n n/2 .
Proof of Theorem B
This purpose of this section is to prove Theorem B. We put q := φ odd n if 4 divides n and q := φ odd n ⊕ 2 n n/2 if n is congruent to 2 mod 4; we want to show that φ even n and q are isomorphic. We consider the "generic" case of Th. A, i.e., where k is F(a, b) where F is a prime field (of characteristic = 2) and a, b are independent indeterminates. We write f n for the form computed in (3.4). Recall that a symmetric bilinear form s on a vector space V induces a nondegenerate form -the nondegenerate part of s -on V modulo the radical of s. By Springer's Theorem (twice), the coefficients of a and b in the nondegenerate part of f n -namely, the nondegenerate parts of −2 φ even n and −2 q or vice versa -are determined up to Witt equivalence. The isomorphism class of the form f n depends only on the isomorphism class of Q and not on the choice of η. In particular, f n is unchanged when we interchange the roles of a and b, and we conclude that φ even n and q have Witt-equivalent nondegenerate parts. By Lemma 1.2, the forms φ even n and q have nondegenerate parts of the same dimension. Since the total dimension of φ even n and q is also the same, we conclude that the two forms are isomorphic. This completes the proof of Th. B.
Proof of Theorem A
We now prove Theorem A for fields of characteristic = 2. In the case where Q is not split, one combines Theorem B with (3.4) and the fact that the norm of Q is 1, −a, −b, ab . Therefore, we assume that Q is split, in which case the form f from (2.1) is an invariant quadratic form on V (n). For 0 ≤ m < n/2, the elements e m , e n−m in V (n) span a hyperbolic plane H if n m is nonzero and a 2-dimensional subspace of the radical otherwise. We conclude that f is isomorphic to
(Specialists in symmetric bilinear forms are used to ignoring hyperbolic planes. Here we must keep careful track, because some are multiplied by zero.) By Theorem B, this is isomorphic to
As Q is split, its quadratic norm form is H ⊕ H and Q ′ is isomorphic to −1, 1, −1 . This completes the proof of Th. A.
Invariant quadratic forms on Weyl modules
In this section, k is any field (including the possibility of characteristic 2) and G is a split semisimple linear algebraic group over k. We extend some results on Ginvariant bilinear forms on an irreducible representation L(λ) with highest weight λ to the case of a Weyl module V (λ). Although the extensions are straightforward, we write them explicitly for lack of a better reference. The results are mostly interesting in characteristic 2, but we state them as much as possible in a characteristic-free way. 6.1. First, a clarification. We say that a form f on a representation V of G over k is G-invariant if f is fixed by the algebraic group G (and not merely by the group of k-points G(k)). As G is reductive, this is equivalent to saying that G(K) fixes the form f on V ⊗ K for some infinite field K containing k. As an example of the difference, the form ( x y ) → x 2 + xy + y 2 on (F 2 ) 2 is invariant under SL 2 (F 2 ), but one can check by hand that there is no nonzero SL 2 (K)-invariant quadratic form on K 2 for any infinite field K. So there is no nonzero SL 2 -invariant quadratic form on k 2 for any field k. Obviously the distinction between G and G(k)-invariance exists only for k finite. 6.2. The usual proofs for irreducible representations in characteristic zero from [Bo] or [GW] show that a Weyl module V (λ) has a nonzero G-invariant bilinear form if and only if λ = −w 0 λ for w 0 the longest element of the Weyl group, and that a nonzero G-invariant bilinear form is uniquely determined up to a factor in k × . (The uniqueness comes from the fact that End
Its kernel is the (representation-theoretic) radical of V (λ), i.e., the intersection of the maximal proper submodules [Jan, II.2.14] . Every nonzero G-invariant bilinear forms on L(λ) gives rise to a nonzero G-invariant bilinear form s on V (λ) by setting s(x, y) :=s(π(x), π(y)). Ass is necessarily nondegenerate, the radical of s equals the kernel of π. By uniqueness, the radical of every nonzero G-invariant bilinear form on V (λ) is ker π. 6.3. In characteristic 2, quadratic forms-not symmetric bilinear forms-are the objects naturally associated with algebraic groups of types B and D [Ti 68, §3] . Every quadratic form q gives a symmetric bilinear form b q by setting b q (x, y) := q(x + y) − q(x) − q(y). The radical of q is defined to be the radical of b q .
Proposition 6.4. Let q be a nonzero G-invariant quadratic form on V (λ). Then:
(1) If λ = 0 or char k = 2, the radical of q is the representation-theoretic radical of V (λ).
Note that (1) fails if λ = 0 and k has characteristic 2. In that case, V (λ) is the irreducible 1-dimensional representation, hence the radical of V (λ) is zero.
Proof of Prop. 6.4. In characteristic = 2, the proposition is trivial, so we assume that k has characteristic 2. To prove (1), we may enlarge k and so assume that every element of k is a square. For sake of contradiction, suppose that (1) is false, which by 6.2 is equivalent to b q being identically zero. Then q(x + y) = q(x) + q(y) for all x, y ∈ V (λ) and the elements of V (λ) on which q vanishes form a subspace W invariant under G.
We claim that dim V /W is at most 1. Otherwise, there are elements v 1 , v 2 ∈ V (λ) whose images in V /W are linearly independent; in particular, q(v 1 ), q(v 2 ) are not zero. Multiplying v 1 by an element of k × , we may assume that q(v 1 ) = q(v 2 ), so that v 1 + v 2 belongs to W . This contradicts the linear independence, proving the claim.
If W is a proper subspace, then it is contained in the radical of V (λ), hence maps to zero in L(λ). It follows that the dimension of V /W is at least the dimension of L(λ), which is at least 2 because λ = 0. We conclude that W is all of V , i.e., that q is zero, a contradiction.
Claim (2) follows easily from the proof of (1), as uniqueness for bilinear forms on L(λ) gives a c ∈ k such that cb q − b q ′ is the zero form.
We have treated uniqueness for and the radicals of G-invariant quadratic forms, but what of existence? Consider the following:
Example 6.5. For a nonnegative integer n, the irreducible representation L(n) of SL 2 has a nonzero SL 2 -invariant quadratic form if and only if n is even (char k = 2) or n is not a power of 2 (char k = 2). To prove the characteristic 2 result for n = 0, one writes L(n) as a tensor product ⊗L(1) [j] where the product runs over those j such that the term n j in the base-2 expansion of n is not zero and L (1) [j] denotes the j-th Frobenius twist of L(1), i.e., the composition of the standard 2-dimensional representation of SL 2 with the map SL 2 → SL 2 induced by the homomorphism x → x 2 j of k. There is no nonzero SL 2 -invariant quadratic form on L(1) by 6.1, hence none on L(1) [j] for all j. Conversely, L(1) [j] has a nonzero SL 2 -invariant alternating bilinear form for all j, so ⊗L (1) [j] has a nonzero SL 2 -invariant quadratic form if there are at least two terms in the product by, e.g., [KMRT, p. 67, Exercise 21] or [SW, 3.4 ].
6.6. In general, we have: There is a nonzero G-invariant quadratic form on the irrep L(λ) if and only if there is a nonzero G-invariant quadratic form on the Weyl module V (λ) that is zero on the radical of V (λ). Indeed, you can lift a G-invariant quadratic form on L(λ) to one on V (λ) that is zero on the radical, so the if direction is trivial and the only if direction follows from Prop. 6.4.
Example 6.7. For a non-negative integer n, the Weyl module V (n) of SL 2 has a nonzero SL 2 -invariant quadratic from if and only if n is even (char k = 2) or n = 1 (char k = 2). To check this in characteristic 2, one constructs a quadratic form on V (n) for n even by reducing a form defined over Z, see the next section. The claim for n odd follows from the two preceding paragraphs.
Remark 6.8. In the rest of this paper, we have ignored the Weyl modules V (n) of groups of type A 1 with n odd. We have done so for two reasons. First, these modules are defined only for SL 2 and PGL 2 , i.e., they are defined for SL(Q) only if Q is split. Indeed, suppose that there is a representation W of SL(Q) defined over k that is equivalent to V (n) over a separable closure k sep of k. The radical of V (n) is a characteristic submodule, so by Galois descent, there is a k-defined submodule R of W such that W/R is equivalent to the irrep L(n) over k sep . This implies that n[Q] = 0 in the Brauer group of k [Ti 71, 3.5] , hence that Q is split (because n is odd).
Second, if k has characteristic different from 2, the nonzero SL 2 -invariant bilinear form on V (n) is skew-symmetric and its isomorphism class is uniquely determined by the fact that its radical is the radical of V (n). If k has characteristic 2 and n ≥ 3, then there is a nonzero SL 2 -invariant quadratic form on V (n) that vanishes on the radical of V (n) by the preceding example. This form is always hyperbolic, because 0 is not a weight of L(n).
6.9. The material in this section implies that-for answering the question "What is q?" posed at the beginning of this article for absolutely irreducible representationsit suffices to consider the Weyl modules. Suppose that you know a G-invariant quadratic form q on a Weyl module V (λ). If the field k has characteristic = 2, then obviously the invariant form on the irrep L(λ) is the nondegenerate part of q. If k has characteristic 2, one applies the criterion 6.6 to determine if L(λ) has a nonzero G-invariant quadratic form; if it does, then again it is the nondegenerate part of q.
Theorems A and B in characteristic 2
In this section, the field k has characteristic 2. We prove analogues of Theorems A and B in this setting.
We adopt the notation of [Ba] for symmetric bilinear forms and quadratic forms over k. In particular, α 1 , . . . , α n denotes the bilinear form (x, y) → x t Ay on k n where A is the diagonal matrix whose (i, i)-entry is α i . Write s(n) for the number of 1's appearing in the binary expansion of the natural number n. We have:
Theorem B (char k = 2). For n even, the bilinear form φ odd n is identically zero and the bilinear form φ even n has nondegenerate part 2 s(n)−1 1 .
The theorem says the nondegenerate part of φ even n is 1 if n is a power of 2 and is metabolic otherwise. We fix notations in order to state Theorem A. A quaternion algebra Q over k is generated by elements i, j such that i 2 + i = a, j 2 = b, and ij = ji + j for some a ∈ k and b ∈ k × . The element i generates a quadraticétale k-algebra K in Q isomorphic to k[α]/(α 2 + α − a), and the norm from this extension is a 2-dimensional quadratic form denoted by [1, a] . We write [c] for the 1-dimensional space with basis e endowed with the quadratic form sending e → c.
Proof. The binomial coefficient
The norm of Q restricted to the trace zero elements is
This can be calculated by identifying Q ⊗ K with M 2 (K) via
and j → ( 0 b 1 0 ) and restricting the determinant of M 2 (K) to the k-subspace spanned by 1, j, ij.
Recall that every quadratic form can be written uniquely as q 0 ⊕ q nd , where q 0 is the zero quadratic form and q nd is nondefective, see e.g. [HL, 2.4] ; we call q nd the nondefective part of q. We write H for the hyperbolic plane [0, 0] .
Theorem A (char k = 2). Let n be even. There is an SL(Q)-invariant quadratic form on the Weyl module V (n) that is isomorphic to Otherwise, the nondefective part of the SL(Q)-invariant form is 2 s(n)−1 hyperbolic planes.
The form given by the theorem is uniquely determined (up to a scalar factor) by the property of being SL(Q)-invariant, see Prop. 6.4(2).
Proof. The quadratic form v → f (v, v) over Z defined by (2.1) is divisible by 2 because n n/2 is even. Dividing by 2 and extending scalars to k, we find that the quadratic form is SL 2 -invariant, where x 0 , x 1 , . . . , x n is a basis of V (n) * dual to e 0 , e 1 , . . . , e n . (The terms n m x m x n−m with m odd are zero as in the proof of Th. B.) The isomorphism class of (7.2) is 1 2 n n/2 ⊕ (φ even n · H).
The integer 1 2 n n/2 is odd if and only if n is a power of 2 by Kummer's criterion from §1 or [KMRT, 10.29] . Applying Th. B completes the proof of Th. A in case Q is split.
Suppose now that Q is not split, and in particular that the subalgebra K of Q generated by the element i is a separable field extension of k. Write ι for the non-identity k-automorphism of K, i.e., the map such that ι(α) = α + 1. Via (7.1), Q is identified with the k-subalgebra of M 2 (K) fixed by Int(η ι )ι for η ι as in (3.3). The same computations as in §3 show that the SL(Q)-invariant form on V (n) has the same nondefective part as This verifies the theorem in case n = 2. If n is not a power of 2, we are done by Th. B because 'metabolic tensor quadratic is hyperbolic' [Ba, I.4.7] . Finally, if n is a power of 2 and not 2, the nondefective part of (7.3) is [1] ⊕ [1, a]. But this is the norm on the trace zero elements of the quaternion algebra with b = 1, i.e., on M 2 (k), hence this form is isomorphic to [1] ⊕ H.
